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A B S T R A C T
This paper investigates the stability of a class of hybrid systems featuring rapidly occurring discrete
transitions, analyzed through the lens of singular perturbation theory. The considered model consists
of the interconnection of two hybrid subsystems, a timer governing the jump instants, and discrete
variables determining the indices of the jump maps. The evolution of these variables during flows
is described by singularly perturbed differential equations, where smaller values of the perturbation
parameter correspond to increased jump frequency. In the limiting case of this parameter, the system
is decomposed into a quasi steady-state subsystem, modeled by a continuous differential equation
without jumps, and a boundary-layer subsystem governed by purely discrete dynamics. Building
upon our previous work that established practical stability, this paper derives sufficient conditions
for the asymptotic stability of a compact attractor by imposing suitable assumptions on both the quasi
steady-state and boundary-layer subsystems. As an application, we address the design of observers for
nonlinear systems with time-sampled measurements and show that detectability of the system ensures
asymptotic stability of the estimation error with frequently sampled output measurements.

1. Introduction
Analytical tools from nonlinear dynamical systems the-

ory have long been instrumental in studying complex sys-
tems with multi-scale dynamics and interconnected subsys-
tems. In particular, the hybrid systems framework [1] has
provided a powerful foundation for analyzing control design
problems over networks, where continuous-time evolution
interacts with discrete events such as switching communi-
cation topologies or sampled-data updates. In several appli-
cations, discrete transitions occur on a fast time scale which
motivates the need of developing singular perturbation tools
for hybrid systems tailored for such setups.

The theoretical setup adopted in this work is based on
an interconnected hybrid system comprising two subsys-
tems: one governed by stable continuous dynamics and
another modeled as a discrete-time switching system, poten-
tially with unstable continuous evolution. The overall system
structure is analyzed using singular perturbation methods,
which have classically been applied to ordinary differential
equations with distinct slow and fast dynamics [2, 3, 4]. The
key idea is to interpret the full system as a perturbation of
a nominal composite system consisting of a quasi steady-
state (QSS) subsystem, describing the slow evolution in the
limit of vanishing fast dynamics, and a boundary-layer (BL)
subsystem capturing the fast, discrete transitions. Similar
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decompositions have proven effective in analyzing robust-
ness properties such as input-to-state stability under slowly
varying parameters and rapidly varying signals [5].

Recent years have witnessed a growing interest in ex-
tending singular perturbation and multi-time-scale analysis
techniques to hybrid and switching systems. Early efforts
primarily addressed cases where fast evolution appears only
in the continuous-time dynamics. In [6] and [7], averaging-
based techniques were employed to show that solutions
of the boundary-layer subsystem can be used to construct
an averaged vector field approximating the slow dynamics,
thereby establishing semiglobal practical stability for the
overall system. Singular perturbation ideas have also been
applied to switched and linear hybrid systems, as in [8, 9],
where stability and performance bounds were derived under
varying switching and perturbation regimes. More recent
studies have expanded these approaches to broader classes
of hybrid and networked systems. For instance, [10] provides
the framework unifying averaging and singular perturbation
methods for control and optimization problems across both
ODEs and hybrid dynamical systems, while [11] presents
generalized stability results for systems exhibiting both slow
and fast switching and time variations.

In a related line of work, [12] introduced a class of
singularly perturbed hybrid systems to analyze networks
with frequently switching communication graphs. There,
the perturbation parameter directly governed the rate of
switching, and the stability analysis relied on decomposing
the system into continuous and discrete components in a
specific interconnection structure. The main results in [12]
provide conditions for practical stability. However, obtaining
asymptotic stability for the same class of frequently jumping
hybrid systems requires stronger conditions on the auxiliary
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quasi steady-state and boundary-layer dynamics, as well as
a Lyapunov construction that captures strict decrease along
both flows and jumps.

As an application of the theoretical results, we study
sampled-data observers for nonlinear systems and provide
design criteria ensuring asymptotic convergence of the es-
timation error under a suitable detectability condition. Ob-
server design for hybrid and switching systems has been an
active area of research over the past decade, motivated by
the need to reconstruct system states under discontinuous
or event-driven dynamics. Certain studies in this direc-
tion, notably [13], [14], and [15], have developed rigorous
frameworks for observer synthesis in switched and hybrid
systems, addressing challenges such as switching observ-
ability, hybrid jump dynamics, and uncertainty in jump
times. These works typically exploit structural properties
of hybrid dynamics to derive sufficient conditions for con-
vergence of the estimation error, often through Lyapunov-
based or detectability arguments. In contrast, for sampled-
data observers, where measurements are available intermit-
tently at discrete instants, the analysis often seeks conditions
expressed directly in terms of the underlying continuous-
time system. For example, [16] proposed a self-triggered
continuous-discrete observer with an adaptive sampling pe-
riod, establishing stability results under suitable detectabil-
ity and smoothness assumptions. The present work extends
this line of research by formulating the sampled-data ob-
server design problem within the framework of singularly
perturbed hybrid systems.

The contribution of this paper is threefold. First, we
strengthen the practical stability result of [12] by deriving
sufficient conditions for asymptotic stability of a compact
attractor for a class of singularly perturbed hybrid systems
with frequent jumps. The conditions are expressed in terms
of Lyapunov certificates for the quasi steady-state subsys-
tem and the boundary-layer subsystem, together with an
invariance condition for the limiting graph. Second, we
construct a Lyapunov function for the full hybrid intercon-
nection and show that, for sufficiently small values of the
perturbation parameter, it decreases along both flows and
jumps outside the desired attractor. Third, we apply the
result to sampled-data observer design for nonlinear sys-
tems. Under a detectability condition formulated through a
reduced-order coordinate, we show that sufficiently frequent
output measurements guarantee asymptotic convergence of
the estimation error. A key feature of this formulation is its
conceptual simplicity: the stability conditions follow directly
from the detectability property, without requiring additional
structural constraints or time-scale separation assumptions
beyond those inherent in the sampling process.

The remainder of the paper is organized as follows. Sec-
tion 2 introduces the class of hybrid systems under consider-
ation and presents the decomposition into the quasi steady-
state and boundary-layer subsystems used for analysis. Sec-
tion 3 states the main stability result, providing sufficient

conditions for asymptotic stability of a compact attractor un-
der appropriate assumptions on the subsystems. Section 4 il-
lustrates the applicability of the theoretical framework to the
observer design problem for nonlinear systems with time-
sampled measurements, where the sampling interval plays
the role of the perturbation parameter. Section 5 contains
detailed proofs of the main result, and Section 6 concludes
the paper with remarks and possible directions for future
work.

2. System Class
In this paper, we consider hybrid dynamical systems

described by differential inclusions on a flow set and dif-
ference inclusions on a jump set. A distinctive feature of
the considered models is that they are singularly perturbed,
meaning that a parameter 𝜖 > 0 appears in the differential
equations, parameterizing the class of systems under study.
2.1. Overall Model

We are interested in modeling the evolution of two
variables (𝑥, 𝑦) ∈ ℝ𝑛 × ℝ𝑚. The dynamics of the variable 𝑥
are governed by an ordinary differential equation, whereas
the evolution of 𝑦 is defined by both a flow map and a
collection of jump maps. The jump instants are determined
by a timer variable 𝜏, and the index of the jump map is given
by a discrete variable 𝗉 belonging to a finite index set  .

The state variables of the overall system are (𝑥, 𝑦, 𝜏, 𝗉) ∈
ℝ𝑛 ×ℝ𝑚 ×ℝ× . We consider the sets 𝐶𝑥 ⊂ ℝ𝑛, 𝐶𝑦 ⊂ ℝ𝑚,
and the discrete set  . The state evolves inside the flow set

 ∶= 𝐶𝑥 × 𝐶𝑦 × [0, 𝑁0] ×  ,

for some positive integer 𝑁0 ∈ ℕ, and undergoes instanta-
neous changes inside the jump set

 ∶= 𝐶𝑥 × 𝐶𝑦 × [1, 𝑁0] ×  .

The evolution of the state variables is described by
⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝑥̇ = 𝑓𝑥(𝑥, 𝑦, 𝜖),
𝑦̇ = 𝑓𝑦(𝑥, 𝑦, 𝜖),
𝜖𝜏̇ ∈ [𝜎1, 𝜎2],
𝗉̇ = 0,

for (𝑥, 𝑦, 𝜏, 𝗉) ∈ , (1a)

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝑥+ = 𝑥,
𝑦+ = 𝑔𝗉(𝑥, 𝑦),
𝜏+ = 𝜏 − 1,
𝗉+ ∈ 𝖲(𝗉),

for (𝑥, 𝑦, 𝜏, 𝗉) ∈ . (1b)

We assume that the sets 𝐶𝑥 ⊂ ℝ𝑛 and 𝐶𝑦 ⊂ ℝ𝑚 are closed
and contained in open, connected and convex domains 𝒟𝑥 ⊂
ℝ𝑛 and 𝒟𝑦 ⊂ ℝ𝑚, respectively. The vector fields 𝑓𝑥 ∶
𝒟𝑥 ×𝒟𝑦 × ℝ≥0 → ℝ𝑛 and 𝑓𝑦 ∶ 𝒟𝑥 ×𝒟𝑦 × ℝ≥0 → ℝ𝑚 are
continuously differentiable in all arguments. For the timer
dynamics, the constants 𝜎1 and 𝜎2 satisfy 𝜎2 ≥ 𝜎1 > 0. For
the jump maps, we assume that for each 𝗉 ∈  , the function
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𝑔𝗉 ∶ 𝒟𝑥 ×𝒟𝑦 → ℝ𝑚 is locally Lipschitz continuous. In this
model, the timer 𝜏 increases at the rate 𝑂(1∕𝜖) over the set
[0, 𝑁0] during flows, and the jumps occur when the timer
reaches the value 𝑁0.

In the problems considered in this paper, the parameter 𝜖
in (1) is assumed to be small, which corresponds to frequent
jumps. Consequently, the evolution of 𝑦 is predominantly
governed by the jump dynamics. Since the jumps represent
rapid evolution, we refer to 𝑥 as the slow variable and 𝑦 as
the fast variable.
2.2. Auxiliary Dynamical Systems

As stated earlier, we are interested in analyzing the
behavior of system (1) when the parameter 𝜖 is sufficiently
small, i.e., 𝜖 ≈ 0. In this regime, the trajectories (𝑥(⋅), 𝑦(⋅))
can be approximated by two auxiliary dynamical systems.

The first is the boundary-layer system, defined for a fixed
value of 𝗑 ∈ 𝐶𝑥 as

𝗒+ = 𝑔𝗉(𝗑, 𝗒),

𝗑+ = 𝗑,
𝗉+ ∈ 𝖲(𝗉),

(2)

for 𝗒 ∈ 𝐶𝑦, 𝗉 ∈  . A small value of 𝜖 implies that
the timer 𝜏 evolves rapidly, leading to many jumps within
a short continuous-time interval. Hence, starting from an
initial condition (𝑥(0, 0), 𝑦(0, 0)), while 𝑥(⋅) remains close
to 𝑥(0, 0), the variable 𝑦(⋅) evolves according to the discrete-
time switched system (2).

To define an equilibrium for the discrete system (2),
we assume the existence of a continuously differentiable
function ℎ ∶ ℝ𝑛 → ℝ𝑚 such that

𝑔𝗉(𝗑, ℎ(𝗑)) = ℎ(𝗑), ∀ 𝗑 ∈ 𝐶𝑥, ∀ 𝗉 ∈  . (3)
Intuitively, 𝑦(𝑡, 𝑗) rapidly converges to ℎ(𝑥(0, 0)) after sev-
eral jumps and remains near ℎ(𝑥(𝑡, 𝑗)) as time evolves. The
evolution of 𝑥(𝑡, 𝑗) can thus be approximated by the quasi
steady-state (QSS) system:

𝗑̇ = 𝑓𝑥(𝗑, ℎ(𝗑), 0), 𝗑 ∈ 𝐶𝑥, (4)
which represents the dynamics on the slow manifold {(𝑥, 𝑦) ∈
ℝ𝑛 × ℝ𝑚 ∶ 𝑦 = ℎ(𝑥)}. Finally, we assume that ℎ(𝗑) ∈ 𝐶𝑦for all 𝗑 ∈ 𝐶𝑥 to ensure well-posedness.
2.3. Stability Assumptions

We now impose stability assumptions on the boundary-
layer and quasi steady-state systems. These properties will
be used to establish the stability of the full system (1) for
sufficiently small 𝜖.
Assumption 1. The quasi steady-state system (4) admits an
asymptotically stable compact attractor 𝑥 ⊂ 𝐶𝑥, and there
exists a continuously differentiable function 𝑉𝑥 ∶ 𝒟𝑥 → ℝ
such that, for all 𝗑 ∈ 𝐶𝑥 and every 𝜖 ∈ [0, 1],

𝑎|𝗑|2𝑥
≤ 𝑉𝑥(𝗑) ≤ 𝑎|𝗑|2𝑥

, (5a)
∇𝑥𝑉𝑥(𝗑)𝑓𝑥(𝗑, ℎ(𝗑), 𝜖) ≤ −𝑎|𝗑|2𝑥

, (5b)

|∇𝑥𝑉𝑥(𝗑)| ≤ 𝜃|𝗑|𝑥
, (5c)

where 𝑎, 𝑎, 𝑎, 𝜃 > 0 are positive constants. ⊲

Assumption 2. For every compact set 𝐾𝑥 ⊂ 𝐶𝑥, the set,
defined by,

𝑦 ∶= {(𝗑, 𝗒) ∈ 𝐾𝑥 × 𝐶𝑦 ∣ 𝗒 = ℎ(𝗑)} ×  , (6)
is globally asymptotically stable (GAS) for the system (2).
Furthermore, there exists a continuously differentiable func-
tion 𝑉𝑦 ∶ 𝒟𝑥 ×𝒟𝑦 ×  → ℝ satisfying:

𝑏|𝗒 − ℎ(𝗑)|2 ≤ 𝑉𝑦(𝗑, 𝗒, 𝗉) ≤ 𝑏|𝗒 − ℎ(𝗑)|2,
𝑉𝑦(𝗑, 𝑔𝗉(𝗑, 𝗒), 𝗊) ≤ 𝛾𝑉𝑦(𝗑, 𝗒, 𝗉),

|∇𝑦𝑉𝑦(𝗑, 𝗒, 𝗉)| ≤ 𝓁𝑦|𝗒 − ℎ(𝗑)|,
|

|

|

|

∇𝑥𝑉𝑦(𝗑, 𝗒, 𝗉) + ∇𝑦𝑉𝑦(𝗑, 𝗒, 𝗉)
𝜕ℎ
𝜕𝑥

(𝗑)
|

|

|

|

≤ 𝓁𝑥|𝗒 − ℎ(𝗑)|2,

for all (𝗑, 𝗒) ∈ 𝐾𝑥 × 𝐶𝑦, 𝗊 ∈ 𝑆(𝗉), 𝗉 ∈  , where
𝑏, 𝑏, 𝛾,𝓁𝑦,𝓁𝑥 > 0 are constants and 0 < 𝛾 < 1. ⊲

In addition to the above stability assumptions on the
auxiliary systems, we impose the following condition to
ensure that the desired graph is invariant for the continuous-
time dynamics.
Assumption 3. For every 𝑥 ∈ 𝑥 and 𝜖 ∈ [0, 1], it holds
that

𝑓𝑦(𝗑, ℎ(𝗑), 𝜖) −
𝜕ℎ
𝜕𝑥

(𝗑)𝑓𝑥(𝗑, ℎ(𝗑), 𝜖) = 0. (7)
⊲

Remark 1. Assumption 3 ensures that the set {(𝑥, 𝑦) ∣ 𝑥 ∈
𝑥, 𝑦 = ℎ(𝑥)} is invariant for (𝑥, 𝑦)-flow dynamics, for all
values of 𝜖 ∈ [0, 1]. This condition is necessary because
the properties imposed on the function 𝑉𝑦 in Assumption 2
do not restrict the flow behavior. In contrast, the Lyapunov
function 𝑉𝑥 is required to decrease along the 𝑥-dynamics
for all 𝜖 ∈ [0, 1], thereby guaranteeing that 𝑥 remains an
attractor for the overall system (1). ⊲

3. Lyapunov Function Certificate
We analyze the stability of system (1) by constructing a

Lyapunov function that combines the functions 𝑉𝑥 and 𝑉𝑦introduced in Assumptions 1 and 2, respectively.
We begin by introducing a compact set 𝐾𝑥, obtained

from the function 𝑉𝑥 satisfying Assumption 1,
𝐾𝑥 ∶= {𝑥 ∈ 𝐶𝑥 ∣ 𝑉𝑥(𝑥) ≤ (𝑒𝑁0𝜇 + 1)}, (8)

for a given 𝜇 > 0. For this choice of 𝐾𝑥, we select the
function 𝑉𝑦 satisfying Assumption 2 and define the set
𝐾𝑦 ∶= {𝑦 ∈ 𝐶𝑦 ∣ 𝑉𝑦(𝑥, 𝑦, 𝗉) ≤ 𝑒𝑁0 (𝜈+1), 𝑥 ∈ 𝐾𝑥, 𝗉 ∈ },

for some 𝜈 > 0. Equivalently, it holds that
max

(𝑥,𝑦,𝗉)∈𝐾𝑥×𝐾𝑦×
𝑉𝑦(𝑥, 𝑦, 𝗉) ≤ 𝑒𝑁0 (𝜈 + 1).
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Next, we introduce the functions 𝑊𝑥 and 𝑊𝑦, defined as
𝑊𝑥(𝑥, 𝜏) ∶= 𝑒𝑐𝑥𝜖𝜏𝑉𝑥(𝑥)

and
𝑊𝑦(𝑥, 𝑦, 𝜏, 𝗉) ∶= 𝑒−𝑐𝑦𝜏𝑉𝑦(𝑥, 𝑦, 𝗉),

where 𝑐𝑥, 𝑐𝑦 ∈ (0, 1] are sufficiently small constants (to
be specified later). Recall that 𝑉𝑦 is associated with 𝐾𝑥 as
described above.

Our proposed Lyapunov function candidate, partly in-
spired by the constructions in [17], is

𝑊 (𝑥, 𝑦, 𝜏, 𝗉) =
𝑒𝑁0𝜇𝑊𝑥(𝑥, 𝜏)

1 + 𝑒𝑁0𝜇 −𝑊𝑥(𝑥, 𝜏)
+

𝜈𝑊𝑦(𝑥, 𝑦, 𝜏, 𝗉)
1 + 𝜈 −𝑊𝑦(𝑥, 𝑦, 𝜏, 𝗉)

. (9)

An immediate consequence of this definition is that, for each
𝑥 ∈ 𝐶𝑥 ∩ {𝑉𝑥(𝑥) ≤ 𝜇}, 𝑦 ∈ 𝐶𝑦 ∩ {𝑉𝑦(𝑥, 𝑦, 𝗉) ≤ 𝜈, 𝑥 ∈
𝐾𝑥, 𝗉 ∈ }, and 𝜏 ∈ [0, 𝑁0], it follows that

𝑊 (𝑥, 𝑦, 𝜏, 𝗉) ≤ 𝑒2𝑁0𝜇2 + 𝜈2.

We are interested in analyzing the region of (𝑥, 𝑦) ∈ 𝐶𝑥×𝐶𝑦,
where

𝑊 (𝑥, 𝑦, 𝜏, 𝗉) ≤ 𝑒2𝑁0𝜇2 + 𝜈2 + 1.

In particular, this inequality implies

𝑊𝑥(𝑥, 𝜏) ≤ (𝑒𝑁0𝜇 + 1)
𝑒2𝑁0𝜇2 + 𝜈2 + 1

𝑒2𝑁0𝜇2 + 𝜈2 + 1 + 𝑒𝑁0𝜇
(10)

and

𝑊𝑦(𝑥, 𝑦, 𝜏, 𝗉) ≤ (𝜈 + 1)
𝑒2𝑁0𝜇2 + 𝜈2 + 1

𝑒2𝑁0𝜇2 + 𝜈2 + 1 + 𝜈
. (11)

Since 𝑐𝑥, 𝑐𝑦, and 𝜖 are chosen in (0, 1], it follows that
𝑊𝑥(𝑥, 𝜏) < (𝑒𝑁0𝜇 + 1) ⇒ 𝑉𝑥(𝑥) < 𝑒−𝑐𝑥𝜖𝜏 (𝑒𝑁0𝜇 + 1)

≤ (𝑒𝑁0𝜇 + 1),

for all 𝜏 ∈ [0, 𝑁0] and 𝜖 ∈ (0, 1]. Similarly,
𝑊𝑦(𝑥, 𝑦, 𝜏, 𝗉) ≤ (𝜈 + 1) ⇒ 𝑉𝑦(𝑥, 𝑦, 𝗉) < 𝑒𝑐𝑦𝜏 (𝜈 + 1)

≤ 𝑒𝑁0 (𝜈 + 1),

where 𝜏 ∈ [0, 𝑁0] and 𝜖 ∈ (0, 1]. In other words, if we
consider the set

Ω0 ∶= {(𝑥, 𝑦, 𝜏, 𝗉) ∈ 𝐶𝑥 × 𝐶𝑦 × [0, 𝑁0] ×  s.t.
𝑊 (𝑥, 𝑦, 𝜏, 𝗉) ≤ 𝑒2𝑁0𝜇2 + 𝜈2 + 1}, (12)

and let 𝜉 ∶= (𝑥, 𝑦, 𝜏, 𝗉) denote the augmented state for
system (1), then the foregoing discussion shows that, along
the trajectories of (1), whenever 𝜉(𝑡, 𝑗) ∈ Ω0, we have

𝑥(𝑡, 𝑗) ∈ 𝐾𝑥 and 𝑦(𝑡, 𝑗) ∈ 𝐾𝑦, for all (𝑡, 𝑗) in the domain
of the hybrid arc 𝜉(⋅).

To state our main result about the forward invariance
of Ω0 and convergence to an attractor, we associate with
system (1) the following notation: the set-valued flow map

𝐹𝜖(𝜉) ∶=
{(

𝑓𝑥(𝑥, 𝑦, 𝜖), 𝑓𝑦(𝑥, 𝑦, 𝜖),
𝜎
𝜖
, 0
)

|

|

|

|

𝜎 ∈ [𝜎1, 𝜎2]
}

,

the jump map
𝐺(𝜉) ∶=

{

(𝑥, 𝑔𝗉(𝑥, 𝑦), 𝜏 − 1, 𝗊) ||
|

𝗊 ∈ 𝑆(𝗉)
}

,

and the attractor

 ∶=
{

(𝑥, 𝑦, 𝜏, 𝗉) ∈ 𝐶𝑥 × 𝐶𝑦 × [0, 𝑁0] × |

|

|

𝑥 ∈ 𝑥, 𝑦 = ℎ(𝑥)
}

.

Theorem 1. Consider the boundary-layer system (2) and
the quasi steady-state system (4) associated with the hybrid
system (1). Suppose that Assumption 1, Assumption 2, and
Assumption 3 hold. For arbitrary 𝜇 > 0 and 𝜈 > 0, define
𝐾𝑥 by (8) and Ω0 by (12). Then, there exists 𝜖∗(𝜇, 𝜈) ∈ (0, 1]
such that, for every 0 < 𝜖 ≤ 𝜖∗, the following holds:

• For every 𝜉 ∈ Ω0 ∩  ⧵ and every 𝑣 ∈ 𝐹𝜖(𝜉),

⟨∇𝑊 , 𝑣⟩ < 0;

• For every 𝜉 ∈ Ω0 ∩ ⧵, and every 𝜂 ∈ 𝐺(𝜉),

𝑊 (𝜂) −𝑊 (𝜉) < 0.

Theorem 1 establishes that the constructed Lyapunov
function 𝑊 decreases strictly along both the flow and jump
dynamics of system (1), for sufficiently small 𝜖. Conse-
quently, all solutions starting in Ω0 remain in Ω0 and con-
verge asymptotically to the set . This provides a Lya-
punov function certificate for the asymptotic stability of
the coupled hybrid system, since 𝑊 decreases everywhere
on Ω0 except on the attractor . In comparison with our
earlier practical stability result in [12, Theorem 1], the
present analysis employs stronger stability assumptions on
the Lyapunov functions 𝑉𝑥 and 𝑉𝑦. In certain applications,
such as the observer design problem considered in the next
section, these assumptions are naturally satisfied, allowing
us to establish full asymptotic stability of the interconnected
hybrid dynamics.

4. Observer with Time-Sampled
Measurements
As an application of the result proposed in the previ-

ous section, we consider the design of an observer for a
continuous-time nonlinear system under the setup where
output measurements are not continuously available, but
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occur at frequently spaced discrete time instants. Toward this
end, consider a nonlinear dynamical system described by

𝑥̇1 = 𝑓1(𝑥1, 𝑥2),
𝑥̇2 = 𝑓2(𝑥1, 𝑥2)

(13a)

and an output equation
𝑦out = ℎout(𝑥) = 𝑥1, (13b)

so that 𝑥 = col(𝑥1, 𝑥2) ∈ ℝ𝑛 is the state and 𝑦out ∈ ℝ𝑝 is the
measured output. We are interested in designing an estimator
for the state 𝑥 using only time-sampled measurements of
the output 𝑦out . In particular, the measurements used by the
observer are described by the following model:

𝜖𝜏̇ ∈ [𝜎1, 𝜎2], 𝜏 ∈ [0, 𝑁0],
̇̂𝑦 = 0,

𝜏+ = 𝜏 − 1, 𝜏 ∈ [1, 𝑁0],
𝑦+ = ℎout(𝑥),

for some 𝜎2 > 𝜎1 > 0. Here, 𝑦 denotes the time-sampled
measurements of the output 𝑦out = ℎout(𝑥), and it is updated
when 𝜏 ∈ [1, 𝑁0]. This formulation captures scenarios
where the maximum allowable time between two updates,
denoted by 𝜏max, satisfies

𝜏max ≤
(1 +𝑁0)𝜖

𝜎1
.

To proceed with the observer design, we first formalize
the necessary assumptions on the system dynamics. We
assume that the system (13) is detectable in the sense that
there exists a matrix 𝐿 ∈ ℝ(𝑛−𝑝)×𝑝 such that, with a new
variable 𝜉 ∶= 𝑥2 − 𝐿𝑥1 ∈ ℝ𝑛−𝑝, the system

𝜉̇ = 𝑓2(𝑥1, 𝑥2) − 𝐿𝑓1(𝑥1, 𝑥2)
= 𝑓2(𝑥1, 𝜉 + 𝐿𝑥1) − 𝐿𝑓1(𝑥1, 𝜉 + 𝐿𝑥1) =∶ 𝐹 (𝜉, 𝑥1)

is incrementally globally exponentially stable (GES) with
respect to 𝜉. This is formalized in the following assumption.
Assumption 4. There exists a smooth function 𝑉𝜉 ∶ ℝ𝑛−𝑝 ×
ℝ𝑛 → ℝ such that, for some positive constants 𝛼𝑎 and 𝛼𝑏,
𝛼𝑎|𝑒𝜉|

2 ≤ 𝑉𝜉(𝑒𝜉 , 𝑥) ≤ 𝛼𝑏|𝑒𝜉|
2, for all 𝑒𝜉 ∈ ℝ𝑛−𝑝, 𝑥 ∈ ℝ𝑛,

and, with 𝜉 = 𝑥2 − 𝐿𝑥1 and some 𝛼𝑐 > 0,
𝜕𝑉𝜉
𝜕𝑒𝜉

(𝑒𝜉 , 𝑥) [𝐹 (𝑒𝜉 + 𝜉, 𝑥1) − 𝐹 (𝜉, 𝑥1)]

+
𝜕𝑉𝜉
𝜕𝑥

(𝑒𝜉 , 𝑥) col(𝑓1(𝑥), 𝑓2(𝑥)) ≤ −𝛼𝑐|𝑒𝜉|2, (14)

for all 𝑒𝜉 ∈ ℝ𝑛−𝑝 and 𝑥 ∈ ℝ𝑛. ⊲

Assumption 4 has been used in the study of reduced-
order observers for nonlinear systems in [18].

Example 1. The detectability notion in Assumption 4 ex-
tends the detectability concept for a linear system:

𝑥̇1 = 𝐴11𝑥1 + 𝐴12𝑥2,
𝑥̇2 = 𝐴21𝑥1 + 𝐴22𝑥2,

𝑦 =
[

𝐼𝑝×𝑝 0𝑝×(𝑛−𝑝)
]

(

𝑥1
𝑥2

)

.

If the linear system is detectable, then by the PBH test,

rank
⎡

⎢

⎢

⎣

𝐼𝑝×𝑝 0𝑝×(𝑛−𝑝)
𝐴11 − 𝑠𝐼 𝐴12

𝐴21 𝐴22 − 𝑠𝐼

⎤

⎥

⎥

⎦

= 𝑛, ∀Re(𝑠) ≥ 0,

which implies that

rank
[

𝐴12
𝐴22 − 𝑠𝐼

]

= 𝑛 − 𝑝, ∀Re(𝑠) ≥ 0,

or equivalently, (𝐴22, 𝐴12) is detectable. Hence, there exists
𝐿 ∈ ℝ(𝑛−𝑝)×𝑝 such that

𝐴̄22 ∶= 𝐴22 − 𝐿𝐴12 is Hurwitz.
With 𝜉 ∶= 𝑥2 − 𝐿𝑥1, we obtain

𝜉̇ = 𝐴21𝑥1 + 𝐴22(𝜉 + 𝐿𝑥1)
− 𝐿(𝐴11𝑥1 + 𝐴12(𝜉 + 𝐿𝑥1))

= (𝐴21 + 𝐴22𝐿 − 𝐿𝐴11 − 𝐿𝐴12𝐿)𝑥1
+ (𝐴22 − 𝐿𝐴12)𝜉

=∶ 𝐴̄21𝑥1 + 𝐴̄22𝜉, (15)
which is incrementally uniformly globally exponentially sta-
ble with respect to 𝜉. Indeed, with 𝑉𝜉(𝑒𝜉) = 𝑒⊤𝜉 𝑃𝑒𝜉 , where
𝑃 > 0 satisfies 𝑃 (𝐴22 − 𝐿𝐴12) + (𝐴22 − 𝐿𝐴12)⊤𝑃 = −𝐼 ,
inequality (14) holds since

2𝑒⊤𝜉 𝑃 [(𝐴22 − 𝐿𝐴12)𝑒𝜉] = −|𝑒𝜉|2.

Conversely, if there exists 𝐿 such that (𝐴22 − 𝐿𝐴12) is
Hurwitz, then by letting

𝐿𝑛 ∶=
[

𝐼 0
−𝐿 𝐼

]

,

we obtain

𝐿𝑛

([

𝐴11 𝐴12
𝐴21 𝐴22

]

− 𝐿−1
𝑛

[

𝜌𝐼
0

]

[

𝐼 0
]

)

𝐿−1
𝑛

=
[

𝐴̄11 𝐴̄12
𝐴̄21 𝐴̄22

]

−
[

𝜌𝐼
0

]

[

𝐼 0
]

, (16)

where 𝐴̄11, and 𝐴̄12 are suitably defined. Since 𝐴̄22 is
Hurwitz, sufficiently large 𝜌 > 0 renders the matrix on the
right-hand side Hurwitz, thereby implying detectability of
the system. ⊲
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Using the detectability notion in Assumption 4, we pro-
pose the following hybrid observer, compatible with the
(𝑥1, 𝜉)-coordinate representation. The flow dynamics are
given by

̇̂𝑥1 = 𝑓1(𝑥̂1, 𝜉 + 𝐿𝑥̂1),
̇̂𝜉 = 𝐹 (𝜉, 𝑥̂1),

𝜖𝜏̇ ∈ [𝜎1, 𝜎2], 𝜏 ∈ [0, 𝑁0],

(17a)

and the jump dynamics are
𝑥̂+1 = 𝑥̂1 + 𝛽(𝑥1 − 𝑥̂1),

𝜉+ = 𝜉,
𝜏+ = 𝜏 − 1, 𝜏 ∈ [1, 𝑁0],

(17b)

where 𝛽 ∈ (0, 2) is a design parameter. The variable 𝑥1 in
the jump update denotes the newly received sampled value
of the measured output 𝑦out = 𝑥1 at the jump instant.

For the analysis, we introduce the error variables
𝑒1 ∶= 𝜉 − 𝜉, 𝑒2 ∶= 𝑥̂1 − 𝑥1,

and we are interested in the stability of the equilibrium
point (𝑒1, 𝑒2) = (0, 0). In general, for nonlinear systems,
the dynamics of (𝑒1, 𝑒2) are coupled with the 𝑥-dynamics.
Hence, we consider the following system to analyze the
stability of the (𝑒1, 𝑒2)-dynamics. The continuous dynamics
are

𝑥̇ = col(𝑓1(𝑥), 𝑓2(𝑥)),
𝑒̇1 = 𝐹 (𝑒1 + 𝑥2 − 𝐿𝑥1, 𝑒2 + 𝑥1) − 𝐹 (𝜉, 𝑥1),
𝑒̇2 = 𝑓1(𝑒2 + 𝑥1, 𝑒1 + 𝜉 + 𝐿(𝑒2 + 𝑥1)) − 𝑓1(𝑥1, 𝑥2),
𝜖𝜏̇ ∈ [𝜎1, 𝜎2], 𝜏 ∈ [0, 𝑁0],

(18a)

and the jump dynamics, triggered by 𝜏 ∈ [1, 𝑁0], are
𝑥+ = 𝑥,
𝑒+1 = 𝑒1,

𝑒+2 = (1 − 𝛽)𝑒2,

𝜏+ = 𝜏 − 1, 𝜏 ∈ [1, 𝑁0].

(18b)

The following result shows that the error variable 𝑒 ∶=
(𝑒1, 𝑒2) in system (18) converges to the origin.
Proposition 1. Consider system (18) under Assumption 4,
and suppose that

(O1) The state 𝑥 evolves in a compact set Ω𝑥 ⊂ ℝ𝑛.

Then, for every compact set Ω𝑒 ⊂ ℝ𝑛, there exists 𝜖∗ > 0
such that, for every 𝜖 ∈ (0, 𝜖∗] and every (𝑥(0, 0), 𝑒(0, 0)) ∈
Ω𝑥 × Ω𝑒, the solutions converge asymptotically to the set
{(𝑥, 𝑒) ∈ ℝ2𝑛 ∣ 𝑒 = 0}.

Proof. The proof is an application of Theorem 1. We take
the QSS system to be

𝑥̇ = col(𝑓1(𝑥), 𝑓2(𝑥)),
𝑒̇1 = 𝐹 (𝑒1 + 𝑥2 − 𝐿𝑥1, 𝑥1) − 𝐹 (𝜉, 𝑥1),

Figure 1: Evolution of the estimation error for the sampled-
data observer.

and note that the set 𝑥 = Ω𝑥 × {0} ⊂ ℝ2𝑛−𝑝 is asymp-
totically stable. By taking (𝑥, 𝑒1) as the slow variable, As-
sumption 1 follows directly from Assumption 4 by taking the
Lyapunov function 𝑉𝜉(𝑒1, 𝑥). The boundary-layer system in
this case is

𝑒+2 = (1 − 𝛽)𝑒2,

where 𝛽 ∈ (0, 2). The variable 𝑒2 therefore evolves at
a faster scale and, by taking ℎ ≡ 0, Assumption 2 can
be checked with the Lyapunov function 𝑉𝑦(𝑒2) = 𝑒⊤2 𝑒2.
Furthermore, the equilibrium condition (7) in Assumption 3
is also satisfied, and we therefore obtain asymptotic stability
of the equilibrium 𝑒 = 0 by Theorem 1.
Remark 2. In Proposition 1, condition (O1) ensures that the
set {(𝑥, 𝑒1) ∈ ℝ2𝑛−𝑝 ∣ 𝑥 ∈ Ω𝑥, 𝑒1 = 0} is compact, which,
under Assumption 4, serves as the asymptotically stable
attractor for the QSS system. In certain cases, when the 𝑒-
dynamics are completely decoupled from the 𝑥-dynamics,
the estimation error 𝑒 can be analyzed independently of 𝑥.
This is particularly true when 𝐹 and 𝑓1 are linear. In such
cases, compactness of Ω𝑥 in (O1) is not required, and one
may take Ω𝑥 = ℝ𝑛. ⊲

Example 2. To illustrate the observer design of Section IV,
consider a nonlinear system with 𝑥1 = 𝑥𝑎 ∈ ℝ, 𝑥2 =
col(𝑥𝑏, 𝑥𝑐) ∈ ℝ2, and scalar output

𝑦 = 𝑥1 = 𝑥𝑎.

The dynamics are given by
𝑥̇𝑎 = −𝑥𝑎 + tanh(𝑥𝑏),
𝑥̇𝑏 = 𝑥𝑎 − 2𝑥𝑏 + tanh(𝑥𝑏) + sin(𝑥𝑎),

𝑥̇𝑐 = −𝑥𝑐 +
1
2
tanh(𝑥𝑎).

We now show that this system satisfies the detectability
condition used in Assumption 4. Let

𝐿 = col(1, 0), 𝜉 ∶= 𝑥2 −𝐿𝑥1 = col(𝑥𝑏 − 𝑥𝑎, 𝑥𝑐).

Then 𝜉̇ = col(𝑥̇𝑏 − 𝑥̇𝑎, 𝑥̇𝑐) = 𝐴𝜉𝜉 + 𝜙(𝑥1), where

𝐴𝜉 =
[

−2 0
0 −1

]

,
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and 𝜙(𝑥1) = col
(

sin(𝑥1),
1
2 tanh(𝑥1)

)

. Indeed, since
𝑥̇𝑏 − 𝑥̇𝑎 = 𝑥𝑎 − 2𝑥𝑏 + tanh(𝑥𝑏) + sin(𝑥𝑎) + 𝑥𝑎 − tanh(𝑥𝑏)

= −2(𝑥𝑏 − 𝑥𝑎) + sin(𝑥𝑎),

and 𝑥̇𝑐 = −𝑥𝑐 + 1
2 tanh(𝑥𝑎). Since 𝐴𝜉 is Hurwitz, the 𝜉-

subsystem is incrementally exponentially stable with respect
to 𝜉. More precisely, if two solutions have the same 𝑥1(⋅) and
𝜉-difference 𝑒𝜉 , then

𝑒̇𝜉 = 𝐴𝜉𝑒𝜉 .

With 𝑉𝜉(𝑒𝜉) = 𝑒⊤𝜉 𝑃𝑒𝜉 , where 𝑃 = 𝑃⊤ > 0 solves 𝐴⊤
𝜉 𝑃 +

𝑃𝐴𝜉 = −𝐼 , we obtain 𝑉̇𝜉 = −|𝑒𝜉|2. Thus, the detectability
condition of Assumption 4 is satisfied.

The sampled-data observer is written in the coordinates
(𝑥̂1, 𝜉) as

̇̂𝑥1 = −𝑥̂1 + tanh(𝑥̂𝑏),
̇̂𝜉 = 𝐴𝜉𝜉 + 𝜙(𝑥̂1),

𝑥̂2 = 𝜉 + 𝐿𝑥̂1,

where 𝑥̂2 = col(𝑥̂𝑏, 𝑥̂𝑐). At each sampling instant, when the
measurement 𝑦 = 𝑥1 is received, the observer is updated
according to

𝑥̂+1 = 𝑥̂1 + 𝛽(𝑥1 − 𝑥̂1), 𝜉+ = 𝜉,

where 𝛽 ∈ (0, 2) is a design parameter. In the simulations,
we take 𝛽 = 1.2. Let 𝑒1 ∶= 𝜉 − 𝜉, and 𝑒2 ∶= 𝑥̂1 − 𝑥1. The
boundary-layer jump dynamics associated with the sampled
correction are

𝑒+2 = (1 − 𝛽)𝑒2.

Thus, with 𝑉2(𝑒2) = 𝑒22,
𝑉2(𝑒+2 ) = (1 − 𝛽)2𝑉2(𝑒2).

Since 𝛽 ∈ (0, 2), we have (1 − 𝛽)2 < 1, and the boundary-
layer system is globally exponentially stable. For 𝛽 = 1.2,
the contraction factor is (1 − 𝛽)2 = 0.04.

The sampling times are determined by the timer dynam-
ics 𝜖𝜏̇ ∈ [𝜎1, 𝜎2], with 𝜎1 = 0.7, 𝜎2 = 1.3, 𝑁0 = 1, and
𝜖 = 0.5. The evolution of the estimation errors is reported in
Figure 1. ⊲

To conclude this section, the case study illustrates how
the strengthened stability conditions introduced in Section 3
naturally hold in practical applications. Under the detectabil-
ity condition stated in Assumption 4, the quasi steady-
state and boundary-layer subsystems associated with the hy-
brid observer admit Lyapunov functions that directly fulfill
the hypotheses of Theorem 1. Consequently, the proposed
sampled-data observer ensures asymptotic convergence of
the estimation error when the sampling intervals are suf-
ficiently small, of order 𝑂(𝜖), where 𝜖 is the singular per-
turbation parameter. This formulation provides a unified
Lyapunov framework for analyzing continuous-discrete ob-
server dynamics.

5. Proof of Main Result
For the proof of Theorem 1, it is convenient to introduce

the change of variable 𝑧 ∶= 𝑦 − ℎ(𝑥) and define the closed
set

𝐶𝑋 ∶= {(𝑥, 𝑦 − ℎ(𝑥)) ∶ (𝑥, 𝑦) ∈ 𝐶𝑥 × 𝐶𝑦}.

With the state (𝑥, 𝑧, 𝜏, 𝗉) ∈ 𝐶𝑋 × [0, 𝑁0] ×  , the flow
dynamics of (1) can be rewritten as

𝑥̇ = 𝑓𝑥(𝑥, ℎ(𝑥), 𝜖) + [𝑓𝑥(𝑥, 𝑧 + ℎ(𝑥), 𝜖) − 𝑓𝑥(𝑥, ℎ(𝑥), 𝜖)]

=∶ 𝑓𝑥(𝑥, ℎ(𝑥), 𝜖) + 𝑓𝑥(𝑥, 𝑧, 𝜖),

𝑧̇ = 𝑓𝑦(𝑥, 𝑧 + ℎ(𝑥), 𝜖) − 𝜕ℎ
𝜕𝑥

(𝑥)𝑓𝑥(𝑥, 𝑧 + ℎ(𝑥), 𝜖)

=∶ 𝑓𝑧(𝑥, 𝑧, 𝜖),
𝜖𝜏̇ ∈ [𝜎1, 𝜎2],
𝗉̇ = 0,

(19a)
and the corresponding jump dynamics, for (𝑥, 𝑧, 𝜏, 𝗉) ∈
𝐶𝑋 × [1, 𝑁0] ×  , as

𝑥+ = 𝑥,
𝑧+ = 𝑔𝗉(𝑥, 𝑧 + ℎ(𝑥)) − ℎ(𝑥) =∶ 𝑔𝗉(𝑥, 𝑧),

𝜏+ = 𝜏 − 1,
𝗉+ ∈ 𝖲(𝗉).

(19b)

The coordinate transformation isolates the deviation 𝑧
of the fast variable from the slow manifold 𝑦 = ℎ(𝑥), which
simplifies the analysis of convergence toward this manifold.

We next rewrite the Lyapunov candidate 𝑊 from (9)
in these new coordinates. Within an open neighborhood of
𝐶𝑋 × [0, 𝑁0] ×  , define

𝑉 (𝑥, 𝑧, 𝜏, 𝗉) ∶=
𝑒𝑁0𝜇𝑊𝑥(𝑥, 𝜏)

1 + 𝑒𝑁0𝜇 −𝑊𝑥(𝑥, 𝜏)
+

𝜈𝑊𝑧(𝑥, 𝑧, 𝜏, 𝗉)
1 + 𝜈 −𝑊𝑧(𝑥, 𝑧, 𝜏, 𝗉)

, (20)

where 𝑊𝑧(𝑥, 𝑧, 𝜏, 𝗉) ∶= 𝑒−𝑐𝑦𝜏𝑉𝑧(𝑥, 𝑧, 𝗉), 𝑉𝑧(𝑥, 𝑧, 𝗉) =
𝑉𝑦(𝑥, 𝑧 + ℎ(𝑥), 𝗉), and the positive scalars 𝑐𝑥 and 𝑐𝑦 are
chosen sufficiently small (less than 1) and will be specified
later. The upper bound 𝜖∗ of 𝜖 is also selected to satisfy
𝜖∗ ≤ 1.

To characterize the growth of𝑉 , note that for 𝜏 ∈ [0, 𝑁0]and using (10)–(11), the function 𝑉 satisfies
𝑉 (𝑥, 𝑧, 𝜏, 𝗉) ≥ 𝐶𝑉 𝛼𝑥(|𝑥|𝑥

) + 𝐶𝑉 𝑒
−𝑁0𝛼𝑦(|𝑧|),

𝑉 (𝑥, 𝑧, 𝜏, 𝗉) ≤ 𝑒𝑁0𝐶𝑉 𝛼𝑥(|𝑥|𝑥
) + 𝐶𝑉 𝛼𝑦(|𝑧|),

(21)

for some positive constants 𝐶𝑉 , 𝐶𝑉 . Hence 𝑉 provides
class-∞ bounds with respect to the distance from the set
𝑥 × {0} × [0, 𝑁0] ×  .

Define
Ω0 ∶= {(𝑥, 𝑧, 𝜏, 𝗉) ∈ 𝐶𝑋 × [0, 𝑁0] ×  such that

𝑉 (𝑥, 𝑧, 𝜏, 𝗉) ≤ 𝑒2𝑁0𝜇2 + 𝜈2 + 1},
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and let Π𝑥(Ω0), Π𝑧(Ω0), and Π𝑋(Ω0) denote the projections
of Ω0 onto ℝ𝑛, ℝ𝑚, and ℝ𝑛 ×ℝ𝑚, respectively.

To establish asymptotic stability, we first verify that
system trajectories remain inside Ω0 and that 𝑉 decreases
both along flows and at jumps. By compactness of Ω0, there
exists 𝑀𝑥 > 0 such that, for every (𝑥, 𝑧) ∈ Π𝑋(Ω0),

|𝑓𝑥(𝑥, 𝑧 + ℎ(𝑥), 𝜖)| ≤ 𝑀𝑥, ∀𝜖 ∈ [0, 1]. (22)
Furthermore, by the bounds in Appendix A, there exists 𝑁𝑥𝜖such that

|𝑓𝑥(𝑥, 𝑧, 𝜖)| ≤ 𝑁𝑥𝜖|𝑧|, (23)

for all (𝑥, 𝑧) ∈ Π𝑋(Ω0) and 𝜖 ∈ [0, 1]. Under (7), there also
exist 𝑁𝑧𝑧, 𝑁𝑧𝑥 > 0 satisfying

|𝑓𝑧(𝑥, 𝑧, 𝜖)| ≤ 𝑁𝑧𝑧|𝑧|+𝑁𝑧𝑥|𝑥|𝑥
, ∀(𝑥, 𝑧) ∈ Π𝑋(Ω0).

(24)

We now compute the derivative of 𝑉 along the flow
dynamics (19). Using the chain rule,

𝑉̇(19) =
𝑒𝑁0𝜇(𝑒𝑁0𝜇 + 1)

(1 + 𝑒𝑁0𝜇 −𝑊𝑥(𝑥, 𝜏))2
𝑊̇𝑥(𝑥, 𝜏)+

𝜈(𝜈 + 1)
(1 + 𝜈 −𝑊𝑧(𝑥, 𝑧, 𝜏, 𝗉))2

𝑊̇𝑧(𝑥, 𝑧, 𝜏, 𝗉).

From (10)–(11), we have on Ω0,
𝑒𝑁0𝜇

𝑒𝑁0𝜇 + 1
≤ 𝑒𝑁0𝜇(𝑒𝑁0𝜇 + 1)

(1 + 𝑒𝑁0𝜇 −𝑊𝑥(𝑥, 𝜏))2
≤ 𝑀𝜇,

and similarly,
𝜈

𝜈 + 1
≤ 𝜈(𝜈 + 1)

(1 + 𝜈 −𝑊𝑧(𝑥, 𝑧, 𝜏, 𝗉))2
≤ 𝑀𝜈 ,

where 𝑀𝜇 and 𝑀𝜈 are finite positive constants. Thus,
𝑉̇(19) ≤ 𝑀𝜇𝑊̇𝑥(𝑥, 𝜏) +𝑀𝜈𝑊̇𝑧(𝑥, 𝑧, 𝜏, 𝗉). (25)

We now bound each term. For the first term,
𝑊̇𝑥(𝑥, 𝜏) ≤ 𝑐𝑥𝜖𝜏̇𝑒

𝑐𝑥𝜖𝜏𝑉𝑥(𝑥) + 𝑒𝑐𝑥𝜖𝜏∇𝑥𝑉𝑥𝑓𝑥(𝑥, ℎ(𝑥), 𝜖)

+ 𝑒𝑐𝑥𝜖𝜏∇𝑥𝑉𝑥𝑓𝑥(𝑥, 𝑧, 𝜖)

≤ 𝑐𝑥𝜎2𝑒
𝑐𝑥𝜖𝑁0𝑎|𝑥|2𝑥

− 𝑎|𝑥|2𝑥

+ 𝑒𝑐𝑥𝜖𝑁0𝜃𝑁𝑥𝜖|𝑥|𝑥
|𝑧|.

For the second term in (25), using (24),
𝑊̇𝑧 ≤ −𝑐𝑦𝜏̇𝑒

−𝑐𝑦𝜏𝑉𝑧(𝑥, 𝑧, 𝗉) + 𝑒−𝑐𝑦𝜏 (∇𝑧𝑉𝑧𝑓𝑧 + ∇𝑥𝑉𝑧𝑓𝑥)

≤ −
𝑐𝑦𝜎1
𝜖

𝑒−𝑁0𝑐𝑦𝑏|𝑧|2 +𝑁𝑧𝑥𝓁𝑦|𝑥|𝑥
|𝑧|

+ (𝑁𝑧𝑧𝓁𝑦 +𝑀𝑥𝓁𝑥)|𝑧|2.

Combining the two bounds and taking 𝑐𝑥 ≤ 1∕𝑁0 (so that
𝑒𝑁0𝑐𝑥𝜖 ≤ 𝑒), we obtain

𝑉̇(19) ≤ −
(

|𝑥|𝑥
|𝑧|

)⊤
𝑄𝜖

(

|𝑥|𝑥
|𝑧|

)

,

where the entries of the symmetric matrix 𝑄𝜖 ∈ ℝ2×2 are,
(𝑄𝜖)11 = 𝑀𝜇(𝑎 − 𝑐𝑥𝜎2𝑒𝑎)

(𝑄𝜖)12 = (𝑄𝜖)21 = −1
2
(𝑀𝜇𝑒𝜃𝑁𝑥𝜖 +𝑁𝑧𝑥𝓁𝑦𝑀𝜈)

(𝑄𝜖)22 =
(𝑐𝑦𝜎1

𝜖
𝑒−𝑁0𝑐𝑦𝑏 −𝑁𝑧𝑧𝓁𝑦 −𝑀𝑥𝓁𝑥

)

𝑀𝜈 .

By selecting 𝑐𝑥 < min{1∕𝑁0, 𝑎∕(𝑎𝑒𝜎2)} and 𝜖 ∈ (0, 1]
sufficiently small, the matrix 𝑄𝜖 becomes positive definite.
Hence, for all (𝑥, 𝑧) ∈ Π𝑋(Ω0) ⧵ (𝑥 × {0}) and (𝜏, 𝗉) ∈
[0, 𝑁0] ×  ,

𝑉̇(19) < 0.

For the jump analysis, we have
𝑊 +

𝑥 (𝑥+, 𝜏+) = 𝑒𝑐𝑥𝜖(𝜏−1)𝑉𝑥(𝑥) = 𝑒−𝑐𝑥𝜖𝑊𝑥(𝑥, 𝜏),

and
𝑊 +

𝑧 (𝑥+, 𝑧+, 𝜏+, 𝗉+) = 𝑒−𝑐𝑦(𝜏−1)𝑉𝑧(𝑥, 𝑔𝗉(𝑥, 𝑧), 𝗊)

≤ 𝑒𝑐𝑦𝛾𝑒−𝑐𝑦𝜏𝑉𝑧(𝑥, 𝑧, 𝗉)
= 𝑒𝑐𝑦𝛾𝑊𝑧(𝑥, 𝑧, 𝜏, 𝗉),

where 𝑐𝑦 is chosen small enough to satisfy 𝑐𝑦 < ln(1∕𝛾). Let
𝛾̃ ∶= max{𝑒−𝑐𝑥𝜖 , 𝑒𝑐𝑦𝛾} < 1. Then

𝑉 +
(19) =

𝑒𝑁0𝜇𝑊 +
𝑥

1 + 𝑒𝑁0𝜇 −𝑊 +
𝑥

+
𝜈𝑊 +

𝑧

1 + 𝜈 −𝑊 +
𝑧

≤ 𝛾̃
𝑒𝑁0𝜇𝑊𝑥

1 + 𝑒𝑁0𝜇 −𝑊𝑥
+ 𝛾̃

𝜈𝑊𝑧
1 + 𝜈 −𝑊𝑧

= 𝛾̃𝑉(19).

Finally, since 𝑉 decreases strictly during flows and
across jumps within Ω0, the standard result on asymptotic
stability of hybrid systems, for example [1, Theorem 3.18],
implies that all solutions of (1) converge asymptotically to
the set 𝑥 × {0} × [0, 𝑁0] ×  , completing the proof.

6. Conclusions
In contrast to our earlier work, which established practi-

cal stability results for singularly perturbed hybrid systems,
this paper addressed the problem of asymptotic stability for
the same class of systems. The main conditions rely on the
assumption that the auxiliary dynamical systems describing
the decoupled quasi steady-state and boundary-layer dynam-
ics are asymptotically stable. These requirements introduce
additional constraints on the growth and gradient properties
of the corresponding Lyapunov functions – constraints that
were not imposed in the analysis of practical stability in [12].
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A natural direction for future research is to relax the
sufficient conditions introduced here for obtaining asymp-
totic stability. In particular, the gradient bounds imposed
in this paper allow the construction of a single Lyapunov
certificate that simultaneously guarantees boundedness and
convergence. Following the philosophy of [17], one possible
way to weaken these assumptions would be to separate the
semiglobal boundedness analysis from the local convergence
analysis: the former could be handled through compactness
and fast-update dominance arguments, while the latter could
be treated using local ISS and small-gain conditions.

Another interesting extension would be to derive explicit
convergence-rate estimates for trajectories approaching the
attractor. Furthermore, it would be worthwhile to investigate
stability analysis using multiple Lyapunov functions for
the discrete-time boundary-layer subsystem, particularly in
cases where the jump dynamics exhibit switching behavior.

In the context of the observer design problem, the singu-
lar perturbation framework developed here provides only a
qualitative characterization of convergence of the estimation
error as the sampling interval decreases. A valuable next
step would be to establish quantitative upper bounds on the
admissible sampling period, or equivalently lower bounds on
the sampling frequency, that guarantee convergence. Beyond
observer design, the framework could be applied to a broader
class of networked and hybrid control problems, where
convergence properties need to be analyzed with respect to
a limiting design or scheduling parameter.

A. Derivation of the Constants 𝑁𝑥𝜖, 𝑁𝑧𝑧, and
𝑁𝑧𝑥

Let (𝑥, 𝑧) ∈ Π𝑋(Ω0) and 𝜖 ∈ [0, 1], and define
𝔤(𝜎) ∶= 𝑓𝑥(𝑥, ℎ(𝑥) + 𝜎𝑧, 𝜖).

Then,
𝑓𝑥(𝑥, 𝑧, 𝜖) = 𝑓𝑥(𝑥, 𝑧 + ℎ(𝑥), 𝜖) − 𝑓𝑥(𝑥, ℎ(𝑥), 𝜖)

= 𝔤(1) − 𝔤(0) = ∫

1

0
𝔤′(𝜎) 𝑑𝜎

= ∫

1

0

𝜕𝑓𝑥
𝜕𝑦

(𝑥, ℎ(𝑥) + 𝜎𝑧, 𝜖) 𝑧 𝑑𝜎,

where the integrand is well-defined due to the continuous
differentiability of 𝑓𝑥.

Hence, the constant 𝑁𝑥𝜖 can be expressed as

𝑁𝑥𝜖 ∶= max
(𝑥,𝑧)∈Π𝑋 (Ω0)

𝜖∈[0,1]
∫

1

0

‖

‖

‖

‖

𝜕𝑓𝑥
𝜕𝑦

(𝑥, ℎ(𝑥) + 𝜎𝑧, 𝜖)
‖

‖

‖

‖

𝑑𝜎,

which ensures that the bound in (23) holds.
For the derivation of the constants 𝑁𝑧𝑧 and 𝑁𝑧𝑥 ap-

pearing in (24), we can proceed as follows. First choose
𝑥 ∈ 𝑥 so that |𝑥 − 𝑥| = |𝑥|𝑥

. By Assumption 3, we

have 𝑓𝑧(𝑥, 0, 𝜖) = 0, for all 𝜖 ∈ [0, 1]. We, therefore, have
|𝑓𝑧(𝑥, 𝑧, 𝜖)| = |𝑓𝑧(𝑥, 𝑧, 𝜖) − 𝑓𝑧(𝑥, 0, 𝜖)|

+ |𝑓𝑧(𝑥, 0, 𝜖) − 𝑓𝑧(𝑥, 0, 𝜖)
≤ 𝑁𝑧𝑧|𝑧| +𝑁𝑧𝑥|𝑥 − 𝑥|
= 𝑁𝑧𝑧|𝑧| +𝑁𝑧𝑥|𝑥|𝑥

where we compute 𝑁𝑧𝑧 and 𝑁𝑧𝑥 in the same way as 𝑁𝑥𝜖 was
computed above.
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